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Abstract: For the rescheduling problem on a single machine, a set of original jobs has already been 
scheduled to minimize some cost, then a new set of jobs arrive and create a disruption. 
The rescheduling problem in this paper is to minimize total weighted completion time 
under a limit of the maximum disruption when p; and w; of the jobs are anticompatible. 
In this paper, we consider the above rescheduling problem for jobs on a single machine. 
For the rescheduling problems under a limit of the maximum sequence disruption, or the 
maximum time disruption, or the total sequence disruption and the total time disruption, 
depending on their structure properties, we apply the dynamic programming method and 
give a polynomial time or pseudopolynomial time algorithm, respectively. 
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1 Introduction and problem formulation 


For the rescheduling problem on a single machine, a set of original jobs has already been 
scheduled to minimize some cost, then a new set of jobs arrive and create a disruption. The 
decision maker needs to insert the new jobs into the existing schedule without excessively 
disrupting it. 

There are several references about rescheduling approaches. Wu et al.!") consider the problem 
of rescheduling a job shop after a disruption to minimize the makespan and the disruption from 
the original schedule. Unal et al.l] consider a single machine with newly arrived jobs that 
have setup times depending on their part types. They considered inserting new jobs into the 
original schedule so as to minimize the total weighted completion time or makespan of the 
new jobs without incurring additional setups or causing jobs to be late. Li! consider the 
problem of parallel batch jobs with three hierarchical criteria on a single machine. Mu and 
Gul4l consider the rescheduling problem with the some fixed ordered jobs. Hall and Potts”! 
consider the problem of rescheduling of a single machine with newly arrived jobs to minimize 
the maximum lateness and the total completion time under a limit of the disruption from the 
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original scheduling. Yuanl®! and Mul! consider the problem of rescheduling of a single machine 
with release dates to minimize makespan under a limit of the maximum sequence disruption 
and rescheduling jobs to minimize maximum lateness and total tardiness under compatible job 


systems. 

By Hall and Potts!5!, the rescheduling problem for jobs on a single machine can be stated 
as follows. 

Let Jo = {Jı, > , Jno} denote a set of original jobs processed nonpreemptively on a 


single machine. In this model, we assume that the jobs in Jo have been scheduled opti- 
mally to minimize some classical objective and that a* is an optimal schedule. Let Jy = 
{Jno+is*** sIno+ny } denotes a set of new jobs. Denote J = Jo U Jn. Each job J; € J has 
an integral processing time p; > 0 and an integer weight w; > 0. We assume that the new jobs’ 
information (processing times and release dates) becomes known at time zero after a schedule 
for the jobs of Zo being determined, but before processing begins. Let 


n=no+ny, Po= » pj and Py= 5 Dj. 
JjEJo JjETJN 


Let a* and o* denote an optimal schedule of the jobs of Jo and J, respectively. For any 
schedule o of the jobs in J, we define the following variables. 

è S;(c) is the starting processing time of job J; € J. 

o C;(c) = S;(c) + pj is the completing time of job J; € J. 

e D;(x*,o) is the sequence disruption of job J; € Jo, i.e., if J; is the x-th job in 7* and 
the y-th job in ø, respectively, then D;(x*,o) = |y — z|. 

e A;(n*,0) = |Cj(o) — C;(x*)| is the time disruption of job J; € Jo. 

When there is no ambiguity, the above three parameters are simplified to C}, D;(a*), and 
A;(x*), respectively. 

The standard classification scheme for scheduling problems!®-! is a three-field classification 
a|G\y, where a indicates the scheduling environment, § describes the job characteristics or 
restrictive requirements, and y defines the optimality criterion. Here we consider only the 
single machine problems, thus implying that œ = 1. Under 8, we indicate a constraint on the 
amount, of disruption which is applicable. Such constraints include the following four forms. 

© Dmax(m*) < k : maxy,e7o{Dj(1*)} < k, the maximum sequence disruption of the jobs 
cannot exceed k. 

e SD") = ke DS JyeTo D;(m*) < k, the total sequence disruption of the jobs cannot 
exceed k. 

o Anax(a*) < k : maxy,e75{Aj;(a*)} < k, the maximum time disruption of the jobs cannot 
exceed k. 

e DAs (m*) < k ez. Aa("") < k, the total time disruption of the jobs cannot exceed k. 

For the rescheduling problem for jobs on a single machine to minimize total weighted com- 
pletion time under a limit on the disruption constraints, we have the following four variations 


1| Danax(*) < k| J wC 1] SI D < k| Yo wjOj, 
1| Amax(r*) < k| Ewy 1| Eaa k| So wc. 
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In this paper, we show that the scheduling problems 
1| Dmax(n*) < k| YO wC, 1| Amax(a*) < k| wC, 


1| Y D;(x*) < k| Y wC, 1| 5 A; (n*) < k| $ w0; 


can be solved either in polynomial time or in pseudopolynomial time, when p; and w; of the 
jobs are anticompatible, i.e., p; < p; and w; > wj. Under ĝ, we indicate a constraint on the 


job system, denoted by anti-(p;, w;). 


2 Preliminaries 


The following classical scheduling rule will be used. 

SWPT Rule [In the smallest ratio of p;/w; (SWPT) rule, jobs are sequenced in nonde- 
creasing order of the ratio of their processing time to weight. 

Smith shows that the SWPT rule provides an optimal schedule for the classical scheduling 
problem 1|| 5> w,;C;. Thus, we assume that the jobs of Jo are indexed and sequenced in the 
SWPT order in 7*, i.e., 

pi/wi < p2/w2 < +++ < pao/Wno- 


For simplicity, we also assume that the new jobs are indexed in SWPT order, i.e., 


Pro +1/Wno+1 < Pno+2/Wno+2 < -+ L Pnot+ny /Wno+nyN : 


In the following we will show that the SWPT rule applies to several of the rescheduling 
problems, and prove several basic results that are useful for designing algorithms. 


Lemma 1 Consider two problems 
1 | anti = (pj, wj), Dmax(T*) < k | X wO, 1 | anti — (pj, wj), Amax(7*) < k | Y wC, 


where there is an optimal priority index sequencing rule for the jobs of Jo that gives the same 
ordering for the jobs of Jo in n* and in o*. Then, each of the above two problems has an 
optimal schedule with no idle time between jobs, and 

(a) a schedule for problem 1|Dmax(7*) < k| 5° w,C; is feasible if and only if the number 
of jobs of Jn scheduled before the last job of Jo is less than or equal to k; 

(b) a schedule for problem 1|Amax(7*) < k|} w jC; is feasible if and only if the total 
processing time of jobs of Jy scheduled before the last job of Jo is less than or equal to k. 

Proof Similar to the proof of Lemma 1 of Hall and Potts’! 

Lemma 2 For each of the problems 


1| Dmax(m*) <k| Yo wij, 1| Amex(t*) < k| Sow jC, 


there exists an optimal schedule in which the jobs of Jo are sequenced in SWPT order as in 
r“, and there is no idle time between jobs. 

Proof Consider an optimal schedule o* in which the jobs of Jo are not sequenced in 
SWPT order as in 1*. Let J; be the job with the smallest index that appears later relative to 
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the other jobs of Jo in o* than in 7*, and let J; (j > i) be the last job of Jo that precedes 


* 


J; in o*. Because 7* is an SWPT schedule, we have p;/w; < p;/w;. Since the jobs between 
J; and J; are all new jobs, and they are sequenced by SWPT order, their ratios of processing 
times and weights are less than p;/w;. (Otherwise, interchanging their order, the ratios are less 
than p;/w;.) Consider a new schedule o that is obtained from o* by interchanging the new 
jobs between J; and J; with J; successively, at last interchanging J; and Ji; at each step the 
objective value of the schedule is not more than the objective value of o* and the maximum 
sequence and time disruption of J; are less than that of J;’s, respectively. Thus, o is feasible 
and optimal. A finite number of repetitions of this argument shows that there exists an optimal 
schedule in which the jobs of Jo are sequenced in SWPT order as in 7*. The same SWPT 
ordering of the jobs of Jo in 7*, and an optimal schedule show that there is no idle time in 
this optimal schedule. Otherwise, removing this idle time, we maintain feasibility and do not 
increases the total weighted completion time. 

Unfortunately, for the rescheduling problems under consideration, there is the possibility 
that the new jobs of Jy are not sequenced in SWPT order. For example, suppose Jo = {Ji} 
and Jy = {J2, J3} such that 


pı = 3, po =1, p3 = 4, w = 1, we = 1, w3 = 3, k=4. 


Then in an only optimal schedule for the problem 1|Amax(7*) < k| >> w;C}, the three jobs are 
sequenced in the order (J3, J1, J2), which is not a SWPT order of the new jobs. 

But, when p; and w; of the jobs are anticompatible, the new jobs of Jy are also sequenced 
in SWPT order. 

Lemma 3 For each of the problems 


1 | anti — (p; w5), X Dj(n*) < k| $ wC, 1 | anti = (pj, wi), >, Aj(x") < k| X wO, 


there exists an optimal schedule in which the jobs of Jo are sequenced in SWPT order as in 
a*, the jobs of Jy are sequenced in SWPT order, and there is no idle time between jobs. 

Proof We first analyze the jobs of Jo. Consider an optimal schedule o* in which the jobs 
of Jo are not sequenced in SWPT order as in 1*. Let J; be the job with the smallest index 
that appears later relative to the other jobs of Jo in o* than in 7*, and let J; (j > i) be the 
last job of Jo that precedes J; in o*. Because 7* is an SWPT schedule, we have p;/w; < p;/w; 
and p; < pj. Consider a new schedule o that is obtained from o* by interchanging job J; and 
Jj, so that 

Cilo’) = C;(o*) — pj + pi, Cilo) = Ci(o*), 

and all jobs between J; and J; are completed p; — p; units earlier in o than in o*. Since the 
jobs between J; and J; are all new jobs, and they are sequenced by SWPT order, their ratios of 
processing time to weight are less than p;/w;. (Otherwise, interchanging their order, the ratios 
are less than p;/w,;.) Let M denote the set of jobs between J; and J;, and TWC(c) denote the 
total weighted completion time of schedule o. Then p;/w; > pi/wi > pr/wr, Jr E€ M, so that. 


p;/w; > pi/wi = 5 Pr/ > Wr. 


JrEM Jr EM 
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TWC(o*) -TWC(c ) 
= wjC;(o*) + X wC,(o*) + wiCi(o*) — wjCj(o') — X wr Cp(o') — wiCi(o') 


J-EM J-EM 


= w;Cj(o*) + DR wC, (0*) + wi(C;(o*) + 5 pr + pi) 


J EM J EM 


Wj (Cyl) + pit 5 pr) > 5 w,(C,(o*) + Pi — pj) — wi(C;(o*) — p; + pi) 


JrEM JrEM 
= > u-(pj — pi) + XO pp (wi — wy) + wip; — wjpi > 0. 
JrEM JrEM 


This implies that the total weighted completion time does not increase as a result of the 
interchange. If the position of job J; in o is greater than or equal to its position in 1* (as 
in the case for job J;), then D;(1*,o') < Dj(x*,o*); otherwise, Dj(m*,0') < Dj(x*,o*). In 
either case, because 


Di(n*,o') = Di(n*,o*) —h and D;(x*,0) < D;(a*,0*) +h, 
where A is the difference between the positions of jobs J; and J; in o*, we deduce that 
Dmnax(™*, 0°) < Dmax(m*,0*) and Y Dj(x*,0') < XO Di(n*,o*). 


Moreover, if C;(o’) > C;(r*), then Aj(x*,0 ) < A;i(*, 0%); otherwise Aj(1*,0') < A;(1*,0*). 
In either case, because 


Ai(n*,o ) = Ai(a*,o*) = h’ and A,(x*,o ) < A;(x*,o*) + h’, 
where h’ = C;(o*) — Cilo’), we deduce that 
Amax(T*, 0 ) < Amax(m",o*) and YO Aj(n*,0) < >> Ai(a*,0*). 


Thus, o is feasible and optimal. A finite number of repetitions of this argument shows that 
there exists an optimal schedule in which the jobs of Jo are sequenced in SWPT order as in x*. 
A similar interchange argument establishes that the jobs of Jy can also be sequenced in SWPT 
order. The same SWPT ordering of the jobs of Jo in z*, and an optimal schedule show that 
there is no idle time in this optimal schedule. Otherwise, removing this idle time, we maintain 
feasibility and do not increases the total weighted completion time. 

The following lemma can be obtained easily. 

Lemma 4 For each of the problems 


1 | anti — (pj, wj), Dmax(m") < k | X wC, 1 | anti — (pj, wj), Amax(T*) < k| X wC, 


there exists an optimal schedule in which the jobs of Jy are sequenced in SWPT order, and 


there is no idle time between jobs. 
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Proof Similar to the proof of Lemma 3 by using the condition which pj and w; of the new 
jobs are anticompatible. 

The property that the original jobs and the new jobs are scheduled in SWPT order according 
to their indices, is called the (SWPT, SWPT) property. By Lemma 2, we can find an optimal 
schedule with the (SWPT, SWPT) property. 


3 The algorithm 


We consider problem 1|anti—(p;,wj), Dmax(m*) < k| > wjC;. Applying the (SWPT, SWPT) 
property of Lemma 2 and Lemma 1, we have that, up to k jobs of Jy can be sequenced before 
the last job of Jo when p; and w; of the new jobs are anticompatible, and these jobs have the 
smallest ratio of p;/w;. Thus, we propose the following algorithm. 

Algorithm 1 

Input: Given p,, w; for j = 1,--- n, k and x*, where k < ny. 

Indexing: Index the jobs of Jy in SWPT order. 

Coustructing schedule: Schedule jobs Ji,--+ , Jno+k in SWPT order in the first no +k 
positions. Schedule jobs Jn, 4.%41,°-+ , Jn in SWPT order in the final ny — k positions. 

Theorem 1 Algorithm 1 finds an optimal schedule for problem 1|anti—(p;,w;), Dmax(7*) 
< k| 0 wC}; in O(n + ny log ny) time. 

Proof From Lemma 1, 2 and 4, the constraint Dmax(7*) < k allows up to k jobs of Jn 
with the smallest ratio of p;/w;. Lemma 2 shows that the jobs of this first group are sequenced 
in SWPT order, Lemma 1 establishes that the remaining ny — k jobs of Jy are also sequenced 
in SWPT order. Note that the Indexing step for the jobs of Jy requires O(nn log ny) time. 
The schedule construction step, merging the first k jobs of the SWPT-ordered jobs of Jn with 
the jobs of Jo as sequenced in 7* and then placing the last ny — k jobs of the SWPT-ordered 
jobs of Jy at the end of the schedule, is executed in O(n) time. The result follows. 

We next consider problem 1anti — (pj, wj), Amax(™*) < k| > w;Cj. The (SWPT, SWPT) 
property of Lemma, 2 shows that an optimal schedule is found by merging the SWPT-ordered 
lists of jobs of Jo and Jy when p; and w; of the new jobs are anticompatible. The following 
dynamic programming algorithm performs an optimal merging subject to the given constraint 
on maximum time disruption. 

Algorithm 2 

Input: Given p;, wj for j =1,--- ,n, k and m*, where k < Py. 

Indexing: Index the jobs of Jy in SWPT order. 

Preprocessing: Compute ni Ph fori =1,---,no and on Ph for j = 1,--+ ,ny. 

Value function: f(i, 7,6) = minimum total weighted completion time of a partial schedule 
for jobs J1,--- , Ji and Jng4i,°-: ,Ino+j, where the maximum time disruption is equal to 6. 

Boundary condition: f(0,0,0) = 0. 

Optimal solution value: ming<s<% f(no, Nn; 6). 

Recurrence relation: 


fi =a 1,3, ô — p’) t wil a Ph F Sencar Pr), 


f(i, j, ô) = min i asai 
fli, j ~ 1,8) + wj(Sye Ph + Soke Ph): 
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Where p’ is the total processing time of jobs of Jy between jobs J;1 and Ji. 

Theorem 2 Algorithm 2 finds an optimal schedule for problem 1|anti—(p;,w;), Amax(7*) 
< k|} w;C; in O(nonn Py + nn log ny) time. 

Proof From Lemma 1, 2 and 4, We need only enumerate all possible ways of merging the 
SWPT-order lists of jobs of Jo and Jy. Algorithm 2 does so by comparing the cost of all 
possible state transitions, and therefore finds an optimal schedule. 

We now consider the time complexity of Algorithm 2. Because i < no, j < ny and 
ô < k < Py, there are O(nonn Py) values of the state variables. Indexing the jobs of Jy in 
SWPT order requires O(ny lognn) time. The recurrence relation requires constant time for 
each set of values of the state variables. Thus, the overall time complexity of Algorithm 2 is 
O(nonn Pn + ny log ny) time. 

We next consider problem 1janti — (pj,w;), $ Dj(x*) < k| > wjC;. The (SWPT, SWPT) 
property of Lemma 2 shows that an optimal schedule is found by merging the SWPT-ordered 
lists of jobs of Jo and Jn when p; and wj of the jobs are anticompatible. The following 
dynamic programming algorithm performs an optimal merging subject to the given constraint 
on total sequence disruption. 

Algorithm 3 

Input: Given p;, w; for j =1,--- ,n, k and m*, where k < nony. 

Indexing: Index the jobs of Jy in SWPT order. 

Preprocessing: Compute 4 pn fori =1,---,no and Sane for j =1,: ny. 

Value function: f(z, 7,6) = minimum total weighted completion time of a partial schedule 
for jobs Jj,-++ , Ji and Jng41,°** , Jno+j, where the total sequence disruption is equal to ô. 

Boundary condition: f(0,0,0) =0. 

Optimal solution value: mino<s<x f(no, nn, ô). 

Recurrence relation: 


f(i BE 1, j, =j) + wil nat Ph + ee Ph); 


fli, j, ð) = min } 
Fj- 1,6) + wlha Pn + Rot? p1 Pa). 


Theorem 3 Algorithm 3 finds an optimal schedule for problem 1|anti—(p;,w;), X D;(n*) 
< k|} w;C; in O(n3n2,) time. 

Proof From Lemma 3, We need only enumerate all possible ways of merging the SWPT- 
order lists of jobs of Jo and Jy. Algorithm 3 does so by comparing the cost of all possible 
state transitions, and therefore finds an optimal schedule. 

We now consider the time complexity of Algorithm 3. Because i < no, j < ny and 
6 < k < nony, there are O(nĝnẸ) values of the state variables. Indexing the jobs of Jy in 
SWPT order requires O(ny logny) time. The recurrence relation requires constant time for 
each set of values of the state variables. Thus, the overall time complexity of Algorithm 3 is 
O(n2,n2,) time. 

We next consider problem ljanti — (p;,w;), > Aj(m*) < k| X w;C;. The (SWPT, SWPT) 
property of Lemma 2 shows that an optimal schedule is found by merging the SWPT-ordered 
lists of jobs of Jo and Jn when p; and w; of the jobs are anticompatible. The following 
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dynamic programming algorithm performs an optimal merging subject to the given constraint 
on total time disruption. 

Algorithm 4 

Input: Given pj, wj for j =1,--+ ,n, k and m*, where k < noPy. 

Indexing: Index the jobs of Jn in SWPT order. 

Preprocessing: Compute pan pr fori=1,---,no and peal Ph for j = 1,--- , nn. 

Value function: f(2,j,6) = minimum total weighted completion time of a partial schedule 
for jobs Jı, +-+- , J; and Jng41,°:+ ,IJng+;, where the total time disruption is equal to ô. 

Boundary condition: f(0,0,0) = 0. 

Optimal solution value: mino<s<x f(no, nn, 6). 


Recurrence relation: 


FG -1,5,6 — Ennoy Ph) + wi (Dar Ph + pe? a Pa) 


Fi, 5,8) = min | : 
fij 2k ô) + wD nat Ph + kened Dh)- 


Theorem 4 Algorithm 4 finds an optimal schedule for problem 1|anti—(p;, w;), >> Aj(2*) 
< k| > wC; in O(n2,nn Py + nn log ny) time. 

Proof From Lemma 3, We need only enumerate all possible ways of merging the SWPT- 
order lists of jobs of Zo and Jy. Algorithm 4 does so by comparing the cost of all possible 
state transitions, and therefore finds an optimal schedule. 

We now consider the time complexity of Algorithm 4. Because i < no, j < ny, and 
ô < k < noPy, there are O(n2,nn Pn) values of the state variables. Indexing the jobs of Jn 
in SWPT order requires O(ny lognw) time. The recurrence relation requires constant time for 
each set of values of the state variables. Thus, the overall time complexity of Algorithm 2 is 
O(nZnn Py + nn log nn) time. 


4 Conclusions 


This paper studies the rescheduling problems which the unexpected arrival of new jobs, 
being taken into account the effect of the disruption on a previously planned optimal schedule. 
The effect of disruption is measured either by the extent of repositioning within the processing 
sequence, or by the change in completion time for the original jobs. We consider the rescheduling 
problem for jobs on a single machine to minimize total weighted completion time under a limit 
of the disruptions. We show that the considered problem can be solved either in polynomial 
time or in pseudopolynomial time when p; and w; of the jobs are anticompatible. 
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